We establish in this work a result that gives the number of overrings for any integrally closed domain that has only finitely many overrings; then we provide an algorithm to compute this number. We end this paper with an open problem for integral domains that are not necessarily integrally closed. 
Introduction
Let R ⊆ S be an extension of integral domains. If T is a subring of S, we assume that T has the same identity element of S. The set of subrings of S that contain R is called the set of intermediate rings in the ring extension R ⊆ S. We let [R, S] denote this set. If K is the field of fractions of R, then an intermediate ring in the extension R ⊆ K is called an overring of R. If each overring of R is integrally closed in K, then R is called a Prüfer domain, see for example [6, 7] for properties and characterizations of Prüfer domains.
There has recently been an increasing interest in ring extensions with only finitely many intermediate rings, and in integral domains that have only finitely many overrings. Necessary and sufficient conditions for the finiteness of the number of intermediate rings in such ring extensions have been obtained in [1, 8, 10] . Several approximations for the number of intermediate rings in these ring extensions are given in [2] [3] [4] 9] , however, the exact value of this number has not been yet computed. In [2, Theorem 3.3] , an upper bound for the number of overrings is provided. In [10, Question 2.1], the author asked for the exact number of overrings. The purpose of this paper is to provide a complete answer to this question for integral domains that are integrally closed. Examples of such domains with only finitely many overrings are abundant as these are Prüfer domains, Theorem 2.1, and have as spectrum a finite tree with only one minimal element, and for each finite tree with a unique minimal element there is a general method to construct a Prüfer domain with a spectrum order-isomorphic to the given tree [11, Theorem 3.1] . We establish a result that gives the exact number of overrings, and we also give an algorithm that enables us to compute this number, Corollary 2.4 and Algorithm 2.5. We also show with an example how to compute it, Example 2.6. This example improves some obtained bounds in [2, 9] .
In the following, Spec(R) denotes the set of prime ideals of the integral domain R, and Max(R) denotes the set of its maximal ideals. The height of a prime ideal P, ht P , is defined to be the supremum of the lengths n of chains of prime R-ideals P 0 ⊂ P 1 ⊂ · · · ⊂ P n = P . The Krull dimension of R, dim(R), is defined to be the supremum of such heights for P ∈ Max(R). The dimension of an R-ideal I is defined to be dim(I ) = dim(R/I ). If P ⊆ M are two prime R-ideals, then [P , M] will denote the set of prime R-ideals Q such that P ⊆ Q ⊆ M. For any set A, |A| denotes the cardinality of this set. Any other notation is as in [7] or [6] .
The number of overrings
In this section, we establish the main result that gives the number of overrings of each integrally closed domain that has only finitely many overrings, and we give an algorithm to compute this number. We also give an example where we compute the number of overrings and compare the results of this paper with the available approximations in the literature.
We start recalling the following characterizations of the type of domains of main interest in this paper, integrally closed domains with only finitely many overrings. This theorem is a generalization of [10, Corollary 2.1]. [8, Theorem 1.5] ). Let R be an integrally closed integral domain. Then the following statements are equivalent.
Theorem 2.1 (Gilmer

The set of overrings of R is finite.
Each chain of overrings of R is finite.
R is a Prüfer domain and Spec(R) is finite.
R is a Prüfer domain, and both Max(R) and dim(R) are finite.
We also recall several approximations for the number of overrings in terms of the finite quantities occurring in the previous characterization theorem (Theorem 2.1), [2, Corollary 3.7] and [9, Corollary 3.8].
Theorem 2.2. If R is an integrally closed domain with only finitely many overrings, then the number |[R, K]| of overrings of R satisfies
We start our investigations on the exact number of overrings with a result that gives the cardinality of some sets of overrings. In order to formulate this result we need to consider the following sets defined for any R-ideal I, any overring T of R, and any subset A of Spec(R):
Let P be a prime ideal of R. A prime P of R is said to cover P if there is no prime Q of R such that P ⊂ Q ⊂ P , i.e. [P , P ] = {P , P }.
Theorem 2.3. Let R be an integrally closed domain with only finitely many overrings, and define a function on Spec(R) by
Then for any P ∈ Spec(R), we have
We give a proof for this theorem at the end of the next section. The following corollary is the promised main result of this paper.
Corollary 2.4. The number of overrings of an integrally closed domain R with only finitely many overrings is given by
where {0} denotes the zero-ideal of R.
Proof. Just use the fact that R {0} = K, and R M({0}) = R Max(R) = R, and apply the previous theorem, Theorem 2.3.
We can now give an algorithm to compute the number of overrings. Step 1: Let (M) = 1, for each ideal of dimension 0 (maximal ideal).
Step 2: Let (P ) = P covers P (1 + (P )), for each ideal of dimension 1.
Step k: 2 k d + 1: Let (P ) = P covers P (1 + (P )), for each ideal of dimension k − 1.
Step d + 1: Let ({0}) = P covers {0} (1 + (P ) ), where {0} is the unique prime ideal of dimension d.
The number of overrings is then |[R, K]| = ({0}).
The
, and define R by the following pullback diagram:
R is a Prüfer domain with the following spectrum:
The approximations of Theorem 2.2 give n + 2 |[R, K]| 3 n . Algorithm 2.5 gives
Step 2:
Hence the number of overrings is |[R, K]| = ({0}) = 1 + 2 n . These overrings are K = R {0} , R P , and the R A 's, for the nonempty subsets A of {M 1 , M 2 , . . . , M n }. Remark 2.7. Let R be an integrally closed domain with only finitely many overrings.
|[R, K]| = |Spec(R)| in Theorem 2.2 for any valuation domain of finite dimension
d = |Spec(R)| − 1. To see this it is enough to apply the function to its spectrum which consists of a unique finite chain, Fig. 1 . 
|[R, K]|
= i (1 + h i ) in
Proof of the main result
In this section, we give a proof for Theorem 2.3, which is based on several lemmas. To prove these lemmas, we will use several properties of residually algebraic pairs (R, S) with R integrally closed in S [2] , i.e. normal pairs [5] . This is the case for the pairs (R, S), where R is a Prüfer or a valuation domain and S is any overring of R. Especially, we will need the following two properties of normal pairs (R, S), [2, 5, 9 ]:
Each intermediate ring T ∈ [R, S] is the intersection of some localizations of R, more precisely for each maximal R-ideal M i , there is a prime R-ideal
2. Each prime ideal of S is an extension PS of a prime ideal P of R. Furthermore, for each prime Q of R such that QS = S, QS is a prime ideal of S satisfying QS ∩ R = Q and S QS = R QS∩R = R Q . 
Lemma 3.2. Let R be a Prüfer domain and let M 1 , M 2 be two maximal R-ideals containing a prime R-ideal P such that
are totally ordered by inclusion and each intermediate ring is a localization of R at a prime ideal as R M 1 and R M 2 are both valuation domains. Also
Lemma 3.3. Let R be an integrally closed domain with only finitely many overrings, and let P be a prime R-ideal that is not maximal. Then
Proof. Since P is not maximal, let P 1 , P 2 , . . . , P n be the primes of R covering the prime ideal P. If n = 1, P 1 is then the unique prime that covers P, and we have M(
Thus the result of this lemma is trivial. If n 2, then M(P ) is the disjoint union M(P ) = n i=1 M(P i ) as the spectrum of a Prüfer domain is a tree. Set M(
by Lemma 3.2 as
For (2) and (3). Therefore,
where
as n k=1 T k = T . Finally, in order to prove the equation in this lemma we consider the mapping P 1 ) , . . . , T M(P n ) ), in the opposite direction. and satisfy
and the mapping (T ) = (T M(
Therefore is bijective, which completes the proof of this lemma.
Proof of Theorem 2.3. We proceed by induction on the dimension of P = dim (R/P ). If dim (P )=0, then P is a maximal ideal, and |[R M(P ) , R P ]|=|[R P , R P ]|=|{R P }|=1= (P ). Assume by induction that |[R M(P ) , R P ]| = (P ) for every P such that 0 dim(P ) k, and let P be a prime R-ideal of dimension dim P = k + 1. Note that [R M(P ) , R P ] = [R M(P ) , R P ] ∪ {R P }, for any prime P that covers P. Therefore as k = dim(P ) < dim(P ) = k + 1.
Corollary 2.4 and Algorithm 2.5 give a way to compute the exact number of overrings of an integrally closed domain (or a Prüfer domain, Theorem 2.1) with only finitely many overrings. For integral domains that are not integrally closed, the same problem remains open although a characterization for such domains with only finitely many overrings is given in [8] . Hence we conclude this paper with the following problem.
Problem 3.4.
What is the number of overrings of an integral domain that is not integrally closed and that has only finitely many overrings?
